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Expected level of SMHB Stochastic Background

2

4 A. Sesana

fbulge = 1. Furthermore, we correlate the masses of the merging
SMBHs either to the properties of the two merging galaxies or to
those of the merger remnant, following the scheme described in
Section 2.2 of Sesana et al. (2009). This gives us three slightly dif-
ferent mass estimations for the SMBHs forming the binary for each
adopted scaling relation.

We combine the 9 ! 3 = 27 different ways to populate
the merging galaxies with SMBHs together with the 216 galaxy
merger rates to obtain 5832 different SMBH binary merger rates
d3n/dzdM•,1dq•, consistent with current observations of the evo-
lution of the galaxy mass function and pair fractions at z < 1.3
and M > 1010M! and with the empirical SMBH-host relations
published in the literature. We give equal credit to each model,
and we generate 5832 GW signals, sufficient to place reasonable
confidence levels for the expected amplitude according to current
observational constraints. Our approach is modular in nature, and
it is straightforward to expand the range of model to include new
estimates of all the quantities involved.

2.3 Validation of the models

Although the evolution of the SMBH masses is not followed self–
consistently in our models, in figure 1 we validate them by com-
paring the local SMBH mass function and the redshift evolution
of the total SMBH density with several estimates found in the lit-
erature. We also checked that the predicted range of galaxy and
SMBH merger rates as a function of mass and redshift are broadly
consistent (though with a large scatter) with those derived from
our previous models constructed on top of the Millennium Simula-
tion (Sesana et al. 2009) or exploiting semianalytical merger trees
(Sesana et al. 2008). In the latter approach we evolve the SMBH
population self–consistently. In figure 1 we show the nominal 1!
and 2! confidence levels (i.e. the range in which 68% and 95%
of our models are contained) of the estimated local SMBH mass
function and mass density as a function of z. The agreement with
independent results published in the literature is excellent. We no-
tice that we allow for slightly larger values of both quantities with
respect to published results. This is because the McConnell & Ma
(2012) scaling relations, that include the recently measured ultra-
massive SMBHs in BCGs, predict SMBHmasses which are 0.2-to-
0.4dex larger than previous estimates at the high mass end. Those
models will result in larger amplitude of the GW signal, which
might be soon directly tested with PTA observations.

3 RESULTS

Our main result is shown in figure 2, where we plot confidence
levels on the GW characteristic amplitude given by our models.
When considering the whole set of models (upper left panel), the
68% confidence region lies in the range 3.3 ! 10"16 < A <
1.3 ! 10"15, corresponding to a factor of 4 uncertainty in the
GW signal. The 99.7% region extends much further, in the range
1.1 ! 10"16 < A < 4.2 ! 10"15, corresponding to a factor
" 40 uncertainty. Note that this latter upper bound is only a factor
1.5 below the best limit placed by van Haasteren et al. (2011). Our
’democratic’ approach to the problem gives the same weight to all
the models. One can argue that models featuring the best estimates
of the galaxy mass function and pair counts, should be considered
more robust than those constructed using the upper or lower limits
for the same quantities (see Section 2.2.1). If we restrict to ’fiducial
models only’, the scatter is mildly reduced, and the 68% and 99.7%

Figure 2. Characteristic amplitude of the GW signal. Shaded areas repre-
sent the 68%, 95% and 99.7% (nominally 1!, 2!, 3!) confidence levels
given by our models. In each panel, the black asterisk marks the best cur-
rent limit from van Haasteren et al. (2011). Shaded areas in the upper left
panel refer to the 95% confidence level given by McWilliams et al. (2012)
(red) and the uncertainty range estimated by Sesana et al. (2008). See text
for discussion.

Figure 3.Normalized distributions of the expected GW amplitudeA at f =
1yr"1. Black solid line, all models; green dot–dashed line, fiducial models
only; red short–dashed line, models antecedent SMBH measurements in
BCGs; blue long–dashed, models including SMBHmeasurements in BCGs.
The shaded area marks the region excluded by current PTA limits, whereas
the solid dotted line represent what can be achieved by timing 20 pulsars at
100ns rms precision for 10 years.

confidence levels are set in the range 3.8 ! 10"16 < A < 1.1 !
10"15 and 1.7 ! 10"16 < A < 2.2 ! 10"15 respectively (upper
right panel). Things become much more interesting if we consider
only the SMBH-host relations updated to include the recent mea-
surements of ultra-massive black hole in BCGs (McConnell & Ma
2012). As expected, the signal is boosted-up, bringing the 68% and
99.7% confidence intervals to 5.6 ! 10"16 < A < 2.0 ! 10"15

and 2.4 ! 10"16 < A < 5.7 ! 10"15 respectively (lower right
panel), a factor" 2 larger then models featuring previous estimates
of the SMBH-host relations (lower left panel). Although obtained
with a completely different procedure, our confidence intervals
are generally consistent with the estimated signal range given by
(Sesana et al. 2008), whereas recent results by McWilliams et al.
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Fig. 3.— Gravitational wave strain and strain sensitivities for a 5 year integration. The strain signals are orientation-averaged, and the
sensitivities are sky-averaged. The dotted (black) line shows the scaled Monte Carlo results for the stochastic signal using our fiducial
mass function parameters (i. e.our prediction for the true gravitational-wave foreground from merging massive black holes at z <! 1), and
the (cyan) shaded region so our estimate of the possible range of stochastic signals based on uncertainties in our model and assuming a
conventional f!2/3 spectrum, with the median signal shown as a thick solid (blue) line, and the optimistic and conservative limits shown
with thin dash-dotted (blue) lines. The thin solid (green) line shows the signal predicted in Sesana et al. (2008), which is " 5# weaker
than our median estimate at f = 1 yr!1. The PTA sensitivities are scaled to match the 95% confidence limit of current PTAs and a
future instrument like the SKA with 10# better timing accuracy, where the current and future sensitivities are shown as dashed (purple)
lines with lesser and greater sensitivity, respectively, and the typical PTA reference frequency of f = 1 yr!1 is shown as a vertical thin
dashed (black) line. We note that the expected signal essentially intersects the current PTA limit at f = 1 yr!1, indicating that much of
the parameter space for the stellar mass function has been excluded in our model, and that a detection in the near future is a prediction
of our model. Finally, the dash-dotted (red) lines show an optimistic estimate of LISA’s and SGO’s low frequency sensitivity (less and
more sensitive, respectively), which indicates that SMBHB mergers at z <! 1 may be a potential source of detectable stochastic gravitational
waves below f " 10!5 Hz for space-based gravitational wave detectors.

ited by tidal stripping, which will be more severe in the
absence of a stellar core. The remaining halo, though
still larger than the stellar core, is far less dense, so the
core may dominate the total satellite halo mass. There-
fore, the inclusion of the stellar core could greatly de-
crease tdf and thereby increase the merger rate. By
using the observed evolution of galaxies to calibrate

d3n
dM1dM2dz

, our model automatically includes the correct
baryonic physics, whereas including the correct physics
semi-analytically in dark matter simulations is far from
trivial. Therefore, the primary cause for the di!erence
between our merger rate and the rate found in prior pub-
lications is that we estimate the merger rate using the
observed density of massive galaxies, whereas most prior
estimates have been based on dark-matter merger trees.
Returning to our description of Fig. 3, we also show

the rms strain sensitivity hrms, averaged over sky loca-
tion, for the current European/NANOGrav/Parkes PTA
(using the European constraint and assuming 100 ns tim-
ing accuracy for all pulsars), and the Square Kilometer
Array (10 ns accuracy), assuming all arrays observe 20
pulsars for 5 years (see Sesana et al. (2008) for details
on calculating PTA sensitivities). We note that our ex-
pected strain spectrum of ho = 5.8 ! 10!15 very nearly
equals the 95% confidence limits of ho < 6! 10!15 from
the European PTA (van Haasteren et al. 2011) and hc <

7 ! 10!15 from the NANOGrav PTA (Demorest et al.
2012). Therefore, it is likely that a rigorous analysis of
actual PTA data using a model that better represents
the behavior of the Monte Carlo results will already ex-
clude large regions of the parameter space of Schechter
parameters, assuming the overall validity of our merger-
dominated assumption. Furthermore, our most conserva-
tive estimated level for the stochastic background would
provide a detection with the SKA monitoring 20 pul-
sars for 5 years at a far greater statistical significance
than the expected strain level from Sesana et al. (2008);
Sesana & Vecchio (2010). If our model is valid, the SKA
should not be necessary for a detection, as continued ob-
servation of the current set of pulsars with the current
level of timing accuracy has a high likelihood of yielding
a detection long before the SKA begins collecting data.
We also show the rms sensitivity for both the original

Laser Interferometer Space Antenna (LISA) design, and
a revised lower cost design (SGO Mid) currently under
consideration by NASA, both calculated using Larson
(2003) with the specifications for each design found in
Stebbins (2011) (a design with near-identical sensitiv-
ity called NGO is also being considered by the European
Space Agency). We show sensitivity estimates calculated
directly from Larson (2003), although we note that the
sensitivity of these designs below " 3!10!5 Hz is highly
uncertain, and the results from Larson (2003) are likely a

McWilliams et al, 2012 (arXiv:1211.5377)Sesana et al, 2012 (arXiv:1211.5375) 

1-sigma bounds on amplitude are

20 pulsars @ 100 ns
for 10 yr

5.6⇥ 10�16 < A < 2⇥ 10�15

with a mean of hAi = 1 ⇥ 10�15

2-sigma uncertainties

Places 2-sigma lower limit on the expected 
amplitude of                         with mean  

hAi = 5.8 ⇥ 10�15

Bottom Line: Predictions of the SMBHB stochastic background amplitude based 
on observations and more reliable models are larger than previously thought.

A > 2⇥ 10�15

Region excluded by 
previous experiments
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Optimal Statistic Scaling Laws
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• Optimal pairwise cross correlation statistic.

• We are interested in the signal to noise ratio of 
the cross correlations.

• Very stringent test for stochastic GWB because 
it only focuses on cross correlations and not on 
the auto-correlations that will contain 
uncorrelated noise. 

General Scaling Laws:

Weak Signal Limit: h⇢i / NpC
✓
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Intermediate Regime: h⇢i / NpC0.12
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: Strain Amplitude
: White Noise RMS
: Number of Pulsars
: Cadence (TOAs per year)
: Observing Time

Bottom Line: In intermediate regime, the total number of pulsars and observing 
time dominates over the cadence and timing precision

Wednesday, January 23, 13



Simulations

• Simulate data with 20 points per year, with varying levels of red and white noise 
and GWB amplitudes.

• Run 1000 injections for each year and use full optimal statistic (not scaling law) to 
compute the SNR.

• Caveats:

• Only consider NANOGrav data (5 years of data in 2010)

• Simple model that only uses quadratic subtraction

• Use same intrinsic red noise in all pulsars

4
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Status Quo (for NANOGrav)
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17 pulsars with measured RMS @ 
5 yr in 2010 and factor or 2 
improvement thereafter due to 
hardware upgrades.

18 new pulsars added by 2012 
with 200 ns RMS. (35 total)

3 new pulsars per year after 2012 
with 100 ns RMS. (71 pulsars by 
2025)

Same cadence of 20 TOAs per 
year.

Very likely to make a detection in 
the next 10 years and possibly in 
the next 4 years!
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Status Quo (more data driven noise model)
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17 pulsars with measured RMS @ 
5 yr in 2010 and factor or 2 
improvement thereafter due to 
hardware upgrades.

18 new pulsars added by 2012 
with 200 ns RMS. (35 total)

3 new pulsars per year after 2012 
with 100 ns RMS. (71 pulsars by 
2025)

Same cadence of 20 TOAs per 
year.

Red noise with spectral index of 
2.0 to conform to existing data 
sets.

Red noise has very little effect. 
Very likely to make a detection in 
the next 10 years and possibly in 
the next 4 years!
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Adding Pulsars with Less Timing Precision
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17 pulsars with measured RMS @ 
5 yr in 2010 and factor or 2 
improvement thereafter due to 
hardware upgrades.

18 new pulsars added by 2012 
with 500 ns RMS. (35 total)

3 new pulsars per year after 2012 
with 250 ns RMS. (71 pulsars by 
2025)

Same cadence of 20 TOAs per 
year.

Still obtain similar results to the 
100 ns case. Do not see a factor 
of ~6 difference (what we would 
expect from weak signal limit)
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Aggressive Search and Timing Plan
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17 pulsars with measured RMS @ 
5 yr in 2010 and factor or 2 
improvement thereafter due to 
hardware upgrades.

18 new pulsars added by 2012 
with 200 ns RMS. (35 total)

13 new pulsars per year after 2012 
with 100 ns RMS. 

Time 100 pulsars by 2017 and 
dedicate all telescope time to 
timing. (Fixed 100 pulsars from 
2017 onwards)

Same cadence of 20 TOAs per 
year.

Detect full range of possible 
amplitudes by ~2023. First 
detection by 2016 in best case 
scenario!
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Summary

• Traditional scaling laws for SNR or detection significance are not valid in the 
signal regime (where we will actually make a detection).

• We approach this regime sooner than previously thought (we are already there!)

• High timing precision is great but it is most definitely not necessary or sufficient.

• Need more pulsars (not necessarily great timers)

• Long time baselines are crucial. First detection is likely to come from combined 
effort of IPTA.

9

Wednesday, January 23, 13



Extra Slides
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Timing only 17 pulsars (no more searching)

11

17 pulsars with measured RMS @ 
5 yr and factor or 2 improvement 
thereafter due to hardware 
upgrades.

Same cadence of 20 TOAs per 
year.

Only make detection of most 
optimistic signal within next 
~10 years!
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Only Timing the Best Pulsars
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6 Best NANOGrav pulsars with 10 
ns rms.

Same cadence of 20 TOAs per 
year.

Career change! (or bank on 
continuous sources)

Wednesday, January 23, 13


